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Merger of binary neutron stars of unequal mass in full general relativity
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We present results of three dimensional numerical simulations of the merger of unequal-mass binary neutron
stars in full general relativity. AG-law equation of stateP5(G21)r« is adopted, whereP, r, «, andG are the
pressure, rest mass density, specific internal energy, and the adiabatic constant, respectively. We takeG52 and
the baryon rest-mass ratioQM to be in the range 0.85–1. The typical grid size is (633,633,317) for (x,y,z). We
improve several implementations since the latest work. In the present code, the radiation reaction of gravita-
tional waves is taken into account with a good accuracy. This fact enables us to follow the coalescence all the
way from the late inspiral phase through the merger phase for which the transition is triggered by the radiation
reaction. It is found that if the total rest mass of the system is more than;1.7 times of the maximum allowed
rest mass of spherical neutron stars, a black hole is formed after the merger, irrespective of the mass ratios. The
gravitational waveforms and outcomes in the merger of unequal-mass binaries are compared with those in
equal-mass binaries. It is found that the disk mass around the so formed black holes increases with decreasing
rest-mass ratios and decreases with increasing compactness of neutron stars. The merger process and the
gravitational waveforms also depend strongly on the rest-mass ratios even for the rangeQM50.85–1.

DOI: 10.1103/PhysRevD.68.084020 PACS number~s!: 04.25.Dm, 04.30.Db
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I. INTRODUCTION

Binary neutron stars such as the Hulse-Taylor binary p
sar@1# adiabatically inspiral as a result of the radiation rea
tion of gravitational waves, and eventually merge. In t
most optimistic scenario, the latest statistical study sugg
that such mergers may occur approximately once per y
within a distance of about 30 Mpc@2#. Even the most con-
servative scenario predicts an event rate approximately
per year within a distance of about 400 Mpc@2#. This implies
that the merger of binary neutron stars is one of the prom
ing sources for kilometer-size laser interferometric detect
such as the Laser Interferometric Gravitational Wave Ob
vatory ~LIGO!, TAMA, GEO600, and VIRGO@3,4#.

Interest has also been stimulated by a hypothesis a
the central engine ofg-ray bursts~GRBs! @5#. Recently, it
has been found that many GRBs are of cosmological or
@5#. In cosmological GRBs, the central sources must supp
large amount of the energy*1051 ergs in a very short time
scale~order of milliseconds to minutes!. Most GRB models
involve a stellar system resulting in a stellar-mass rotat
black hole and a massive disk of mass;0.1–1M ( , which
could supply a large amount of energy by neutrino proces
or by extracting the rotational energy of the black ho
GRBs may be classified into two classes. One is a long b
for which the duration of the bursts is longer than;1 s and
typically ;10 s, and the other is a short burst for which t
duration is typically;100 ms. It has been recently su
gested that the merger of binary neutron stars is a poss
progenitor to producing short bursts.

Hydrodynamic simulations employing full general relati
ity provide the best approach for studying the merger of
nary neutron stars. Over the last few years, numerical m
ods for solving coupled equations of the Einstein a
0556-2821/2003/68~8!/084020~24!/$20.00 68 0840
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hydrodynamic equations have been developed@6–10# and
now such simulations are feasible. In previous papers@7,8#,
we focused on the binary neutron stars of equal mass,
have found the following results:~i! the final outcome~of
either a neutron star or a black hole! depends on the com
pactness of each neutron star and on the equation of s
Even if the total mass of the system is;1.5 times larger than
the maximum allowed rest mass of a spherical star fo
given equation of state, a differentially rotating neutron s
supported by a significant centrifugal force may be form
~ii ! in the case of neutron star formation, nonspherical os
lation modes of the formed neutron star are excited and,
result, gravitational waves with characteristic frequency;2
to 3 kHz are emitted;~iii ! in the case of black hole formation
the disk mass around the formed black hole is negligi
because the specific angular momentum of all the mass
ments in equal-mass binary neutron stars is too small
also because the angular momentum transfer is not effec
during the merger.

So far, all the simulations in general relativity have be
performed assuming that two neutron stars are ident
@7,8,11,12#, since they are indeed approximately identical
the observed systems of binary neutron stars@13#. For ex-
ample, mass ratio of the Hulse-Taylor binary is about 0.9
@14#. However, it seems there is no theoretical reason
nature should produce only binary neutron stars of nea
equal mass. Allowed mass range of neutron stars may fa
a fairly broad range;1 to 2M ( according to theories o
neutron stars@15,16#. From the theoretical point of view, it is
reasonable and an interesting subject to investigate
merger of two unequal-mass neutron stars.

One of the most important findings in the previous wor
@7,8# is that black hole formation is not accompanied
disks with a large mass. The mass of the disk is found to
©2003 The American Physical Society20-1
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less than 0.01M ( . This result suggests that binary neutr
stars of equal mass may not be good progenitors for
central engine of GRBs. On the other hand, the disk m
may be much larger in the merger of binary neutron stars
unequal mass, because the smaller-mass neutron star w
be tidally disrupted by the more massive primary before c
tact and would subsequently form a tidal tail around the p
mary in which angular momentum transfer is likely to
efficient to form disks around the central object. In additio
in association with the change of the merger process, gr
tational waveforms may be significantly modified. Actual
Newtonian and post-Newtonian simulations indicate su
significant changes@17–20#.

From a computational point of view, we have substa
tially improved our implementation for a solution of Einste
and hydrodynamic equations from our previous appro
@7,8#. Primarily, a modified numerical scheme for solvin
hydrodynamic equations by adopting the so-called hi
resolution shock-capturing scheme@10,21# provides better
accuracy. The spatial gauge condition is changed from
minimal distortion type@22,23# to a dynamical one in which
a hyperbolic type equation is adopted for determining
shift vector@24,25#. This has resulted in saving a substant
amount of computation time. Finally, we have modified t
treatment for the transport terms in the evolution equati
of geometric variables. This improves the accuracies fo
solution of the geometric quantities and for conservation
the total Arnowitt-Deser-Misner~ADM ! mass and angula
momentum significantly.

The paper is organized as follows. In Sec. II, we revi
basic equations, gauge conditions, and methods for se
initial conditions currently adopted in fully general relativi
tic simulations of binary neutron star mergers. In Sec.
methods used for analysis of gravitational waves are sum
rized. In Sec. IV, the numerical results are presented, pa
particular attention to merger process, disk mass, and gr
tational waveforms. Section V is devoted to a summa
Throughout this paper, we adopt the geometrical units
which G5c51 whereG andc are the gravitational constan
and the speed of light. Latin and Greek indices denote sp
components (x,y,z) and space-time components (t,x,y,z),
respectively.d i j (5d i j ) denotes the Kronecker delta.

II. FORMULATION

A. Basic equations

In our numerical simulation, the Einstein and general re
tivistic hydrodynamic equations are solved without any a
proximation. The formulation for a numerical solution
these coupled equations is based on those described
previous work@8#. However, we have improved several n
merical implementations since then, and the form of the
sic equations adopted in numerical simulation has also b
modified. A summary of the current formulation is, therefo
in order here.

The line element is written in the form

ds25gmndxmdxn

5~2a21bkb
k!dt212b idxidt1g i j dxidxj , ~2.1!
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wheregmn , a, b i(b i5g i j b
j ), andg i j are the four dimen-

sional spacetime metric, the lapse function, the shift vec
and the three dimensional spatial metric, respectively. F
lowing @26,23,6#, we define the quantities as

g5det~g i j ![e12f, ~2.2!

g̃ i j [e24fg i j , ~2.3!

Ãi j [e24fS Ki j 2
1

3
g i j K D , ~2.4!

whereKi j is the extrinsic curvature, andK its trace. In the
Cartesian coordinates adopted in our simulation, det(g̃ i j )
should be unity. In the numerical computations,f, g̃ i j , K,
andÃi j are evolved in time, instead ofg i j andKi j . Note that
the indices ofÃi j (Ãi j ) are raised~lowered! in terms ofg̃ i j

(g̃ i j ). Hereafter,Di andD̃ i are used as covariant derivative
with respect tog i j and g̃ i j , respectively. In addition, the
Laplacians are defined asD[DiDi and D̃[D̃ i D̃ i .

As the matter source of the Einstein equation, a perf
fluid is adopted. Then, the energy-momentum tensor is w
ten as

Tmn5~r1r«1P!umun1Pgmn , ~2.5!

wherer, «, P, andum are the baryon rest-mass density, t
specific internal energy density, the pressure, and the f
velocity, respectively. Initial conditions are given using
polytropic equation of state as

P5krG, G511
1

n
, ~2.6!

where k and n are a polytropic constant and a polytrop
index. During the time evolution, we adopt aG-law equation
of state of the form

P5~G21!r«. ~2.7!

In the absence of shocks, the polytropic form of the equat
of state is preserved even if Eq.~2.7! is used. Thus the quan
tity k8[P/rG@5«/(G21)rG21# measures the efficiency o
the shock heating. In this paper, we setn51 (G52) as a
reasonable qualitative approximation to moderately s
equations of state for neutron stars@15#.

The hydrodynamic equations~continuity, Euler, and en-
ergy equations! are written in the forms

] tr* 1] i~r* v i !50, ~2.8!

] t~r* û j !1] i~r* v i û j1Pae6fd j
i !

5P] j~ae6f!

2r* Fwh] ja2ûi] jb
i1

1

2uth
ûkûl] jg

klG , ~2.9!
0-2
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] t~r* ê!1] i@r* êv i1Pe6f~v i1b i !#

5ae6fPK1
r*
uth

ûi û jK
i j 2r* ûig

i j D ja, ~2.10!

where

r* 5rwe6f, ~2.11!

h511«1
P

r
, ~2.12!

w5aut, ~2.13!

ûk5huk , ~2.14!

ê[
e6f

r*
Tmnnmnn5hw2

P

rw
, ~2.15!

v i[
ui

ut 52b i1g i j
uj

ut 52b i1
ag̃ i j û j

whe4f
. ~2.16!

Here, the conservative form of the energy equation
adopted in contrast with the previous works@7,8#. In numeri-
cal simulations, Eqs.~2.8!–~2.10! are solved to evolver* ,
ûk , and ê. Once ûi is obtained,w is determined from the
normalization relation of the four-velocity,umum521,
which can be written as

w2511g i j uiuj511g i j ûi û j S ê

w
1

P

rw2D 22

, ~2.17!

whereP and r are related tor* , ê, and w as P5P(r,«)
5P@r* /(we6f),ê# andr5r* /(we6f).

The Einstein equation is split into the constraint and e
lution equations. The Hamiltonian and momentum constra
equations are written in the form

D̃c5
c

8
R̃k

k22prHc52
c5

8 S Ãi j Ã
i j 2

2

3
K2D , ~2.18!

D̃ i~c6Ã j
i !2

2

3
c6D̃ jK58pJjc

6, ~2.19!

wherec[ef, rH[Tmnnmnn , andJi[2Tmnnmgn i with nm

5(2a,0). Here,Ri j (R̃i j ) denotes the Ricci tensor with re
spect tog i j (g̃ i j ), andRk

k5Ri j g
i j (R̃k

k5R̃i j g̃
i j ). These con-

straint equations are solved only att50 to set initial condi-
tions ~see Sec. II D! and for t.0, they are used to monito
the accuracy of numerical solutions.

Following @26,23,6–8#, evolution equations for the geo
metric variables are written as

~] t2b l] l !g̃ i j 522aÃi j 1g̃ ikb , j
k 1g̃ jkb ,i

k 2
2

3
g̃ i j b ,k

k ,

~2.20!
08402
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~] t2b l] l !Ãi j 5e24fFaS Ri j 2
1

3
e4fg̃ i j Rk

kD
2S DiD ja2

1

3
e4fg̃ i j Da D G

1a~KÃi j 22ÃikÃj
k!1b ,i

k Ãk j1b , j
k Ãki

2
2

3
b ,k

k Ãi j 28paS e24fSi j 2
1

3
g̃ i j Sk

kD ,

~2.21!

~] t2b l] l !K5aF Ãi j Ã
i j 1

1

3
K2G2Da14pa~rH1Sk

k!,

~2.22!

whereSi j [Tmngm ign j . Equations~2.20!–~2.22! are solved
to evolveg̃ i j , Ãi j , andK.

In the previous works@26,23,6–8#, the evolution equation
for f is written in the form

~] t2b l] l !f5
1

6
~2aK1b ,k

k !. ~2.23!

Instead of this form, in the present work, a conservative fo
is adopted as

] te
6f2] i~b ie6f!52aKe6f. ~2.24!

As in the previous works, we introduce an auxiliary va
ableFi5d j l ] l g̃ i j @26#, which evolves according to the evo
lution equation

~] t2b l] l !Fi5216paJi12aH f k jÃik, j1 f , j
k jÃik2

1

2
Ãj l hjl ,i

16f ,kÃ i
k 2

2

3
K ,i J 1d jkH 22a ,kÃi j 1b ,k

l hi j ,l

1S g̃ i l b , j
l 1g̃ j l b ,i

l 2
2

3
g̃ i j b ,l

l D
,k
J , ~2.25!

whereg̃ i j and g̃ i j are split intod i j 1hi j andd i j 1 f i j . In the
numerical simulations, a termdklg̃ ik,l j which appears in the
expression ofRi j in Eq. ~2.21! is evaluated usingFi asFi , j .
This replacement is crucial to enable a stable and longt
simulation.

B. Improvements for numerical implementations

In this section, we report our improvement to several n
merical implementations since the latest work@8#. Firstly, the
hydrodynamic part has been improved adopting the so-ca
high-resolution shock-capturing scheme for computation
the transport terms of Eqs.~2.8!–~2.10! as described in@21#.
With this scheme, shocks are captured with a much be
accuracy than in the previous implementation@6–8#. Al-
though the shocks generated during the merger of bin
neutron stars are not very strong, it is promising to use s
0-3
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high-resolution schemes to accurately compute peak de
ties and to evaluate effects of the shock heating.

Numerical treatments for transport terms in the evolut
equation for geometric variables have been also improv
For the transport terms in Eqs.~2.20!–~2.22!, a second-order
upwind scheme has been adopted@23#. To avoid numerical
instabilities, we incorporate a limiterf by which the order of
the finite differencing for the numerical flux is lowered fro
the second order to the first order at a point of steep grad
as

Fnum5F1f 1F2~12 f !, ~2.26!

where Fnum, F1, and F2 denote the total, first-order, an
second-order fluxes. Since the previous choice off is found
to be too dissipative@23#, we have changed the function
form of f to

f 512
2AudQudQdu
udQuu1udQdu

, ~2.27!

whereQ denotes one of the variables amongÃi j , K, andg̃ i j .
dQu anddQd denote the difference ofQ for two neighboring
grid points asdQu5QI 112QI anddQd5QI2QI 21 where
QI denotes the value ofQ at theI th grid point.

For the evolution ofe6f, we have also changed the fini
differencing scheme. As shown in Eq.~2.24!, the evolution
equation fore6f has the same conservative form as that
hydrodynamic equations. Thus the numerical flux is co
puted using the third-order upwind scheme with an appro
ate min-mod limiter as done in the hydrodynamic equatio
@21#. This change plays a significant role for enforcing t
conservation of the total ADM mass and angular momentu

The outer boundary condition forf has been also im
proved. In our previous works, we simply imposed

f5O~r 21!. ~2.28!

It is replaced with a better condition as

f5
M

2r
1O~r 22!, ~2.29!

whereM is the ADM mass which will be defined in Sec. II E

C. Change in gauge conditions

As the time slicing condition, an approximate maxim
slice ~AMS! condition K'0 is adopted following previous
papers@8#. On the other hand, the spatial gauge condition
been changed.

Our previous simulations were performed adopting an
proximately minimal distortion~AMD ! gauge condition@23#.
The equation in this condition is schematically written as

d i j D fb
j1

1

3
] i] jb

j5Si , ~2.30!

where Si denotes the source term composed of geome
variables and matter sources, andD f the flat Laplacian. In
08402
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this gauge condition, a vector elliptic-type equation has to
solved. A serious drawback of this is the long computatio
time needed to obtain its numerical solution. Typical
;50% of total computational time is consumed in solvi
this equation.

To overcome this drawback, we adopt a dynamical spa
gauge condition, e.g., in@24,25#. Following @27#, the equa-
tion for the shift vector is chosen to be

] tb
k5g̃kl@Fl1Dt~] tFl !#, ~2.31!

whereDt denotes a time step in numerical computation. T
second term in the right-hand side of Eq.~2.31! is introduced
to stabilize the numerical computation. In this choice,bk

obeys a hyperbolic type equation~for a sufficiently small
value ofDt) as

] t
2b j5D fb

j1
1

3
g̃ jk]k] ib

i2S̃j , ~2.32!

whereS̃j denotes the source term. With this gauge conditi
the fraction of the computational time occupied for imposi
the spatial gauge is negligible. Furthermore, we have c
firmed that the numerical solution in this gauge conditi
agrees well with that in the AMD gauge condition for co
lapse of neutron stars to a black hole@27# and for oscillating
and rapidly rotating neutron stars~cf. Fig. 1!. This indicates
that the present dynamical gauge is physically as good as
AMD gauge.

Sincebk obeys a hyperbolic type equation in this gau
condition, so shouldFl . Thus we impose an outgoin
boundary condition forFl as

FIG. 1. Evolution of central densityrc in units of the initial
valuerc,0 and central value of the lapse functionac for an oscillat-
ing and rapidly rotating neutron star withn51. The baryon rest
mass and the ADM mass in units ofk51 ~see Sec. II E! are 0.186
and 0.172, respectively. The compactness measured by the eq
rial ~polar! radius is 0.129~0.207!. The angular velocity is constan
and equal to the Kepler velocity at the equatorial surface. The t
is shown in units ofrc,0

21/2. The solid and dashed curves denote t
results by the dynamical and AMD gauge conditions, respectiv
0-4
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Fl5
f l~ t2r !

r
, ~2.33!

wheref l(t2r ) is a function and its value at outer boundari
is determined from the values on the eight nearby grid po
at a previous time step. The same type of boundary condi
is imposed forÃi j and g̃ i j @26#.

D. Initial conditions

Binary neutron stars with a moderate compactness of
bits asa/M*6 wherea denotes an orbital separation are
a quasiequilibrium state even just before the merger bec
the time scale of gravitational radiation reaction at Newto
ian order;5/$64V(MNV)5/3% @15# ~where MN and V de-
note the Newtonian total mass of system and the orbital
gular velocity of binary neutron stars! is several times longe
than the orbital period. Thus a quasiequilibrium state sho
be prepared as the initial condition for a realistic simulat
of the merger. Such quasiequilibrium states are obtained
solving coupled equations of gravitational field and hyd
static equations. For the gravitational field, we adopted
conformal flatness formulation@28# in which the three geom
etry is assumed to be conformally flat and the selected c
ponents of the Einstein equation are solved. Specifically,
selected components are the Hamiltonian and momen
constraints, and the trace of spatial projection of the Eins
equation with the maximal slicing conditionK50. The so-
lution in this formalism is fully general relativistic in th
sense that they satisfy the constraints.

It is expected that most of the close binary neutron star
quasiequilibrium circular orbits have irrotational veloci
fields approximately since the viscous time scale is m
longer than the gravitational radiation time scale and the
bital period ;2 ms is much shorter than the typical sp
period of neutron stars@29#. Assuming the irrotational veloc
ity field and the presence of a helical Killing vector as

,m5S ]

]t D
m

1VS ]

]w D m

, ~2.34!

the hydrodynamic equations are written into a first integra
the Euler equation and an elliptic-type equation for a veloc
potential@30#.

The coupled equations of the selected Einstein and hy
static equations are solved by a pseudospectral method
veloped by Bonazzola, Gourgoulhon, and Marck@31#. De-
tailed numerical calculations have been done by Tanigu
and part of the numerical results are presented in@32#.

Quasiequilibrium solutions are given as the initial con
tions for simulations without any modification. In a realist
system of binary neutron stars, the orbit is not strictly circ
lar because of the presence of the approaching velocity
to gravitational radiation reaction. As pointed out by Mill
@33#, neglecting the effect of the approaching velocity yiel
a systematic error in waveforms and the merger proces
we choose a quasiequilibrium with a very small orbital se
ration as the initial condition. It is likely that gravitationa
waveforms, in particular the wave phase, obtained be
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contain a small systematic error. However, it has been s
ied in @8# that the merger process and the final outcome
pend very weakly on an artificial approaching velocity
'10% of the orbital velocity.

E. Definitions of quantities

In numerical simulations, we refer to the total baryon re
mass, the ADM mass, and the angular momentum of
system, which are given by

M* [E r* d3x, ~2.35!

M[2
1

2p R
r→`

DicdSi

5E FrHe5f1
e5f

16p S Ãi j Ã
i j 2

2

3
K22R̃k

ke24fD Gd3x,

~2.36!

J[
1

8p R
r→`

w i Ãi
je6fdSj

5E e6fFJiw
i1

1

8pS Ãi
j] jw

i2
1

2
Ãi j w

k]kg̃
i j

1
2

3
w j] jK D Gd3x, ~2.37!

wheredSj5r 2D jrd(cosu)dw andw j52y(]x)
j1x(]y)

j . To
rewrite the expressions forM andJ, the Gauss law is used
Here,M* is a conserved quantity, and it uniquely specifie
model of a stable neutron star for a given value ofG.

M andJ are computed using the volume integral shown
Eqs. ~2.36! and ~2.37!. Since the computational domain
finite, they are not constant and decrease after gravitatio
waves propagate to the outside of the computational dom
during time evolution. Therefore, in the following, they a
referred to as the ADM mass and the angular momen
computed in the finite domain~or simply asM andJ, which
decrease with time!. As easily predicted from the calculatio
using the quadrupole formula,M decreases at most by 0.5%
and may be regarded as an approximately conserved q
tity, while J decreases by;5 –10%.

A model of each neutron star is specified using the co
pactness (M /R)` which is defined as the ratio of the ADM
mass to the circumferential radius of a spherical neutron
in isolation~see Tables I and II!. To indicate how massive the
system is, we also introduce the ratio of the total bary
rest-mass of the system to the maximum allowed mass
spherical neutron stars for a given equation of stateM

* max
sph ,

Q* [
M*

M
* max
sph

. ~2.38!

Physical units enter the problem through the polytro
constantk initially chosen, which can be completely scale
out of the problem. Sincekn/2 has the dimension of length
0-5
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TABLE I. A list of several quantities for quasiequilibria of irrotational binary neutron stars withn51. The compactness of each star
isolation (M /R)` , the maximum density for each star, the baryon rest-mass ratioQM[M* 2 /M* 1, the total baryon rest mass, the ADM

mass att50 (M0), q05J0 /M0
2, P̂t50[Pt50 /M0, the orbital compactness@C0[(M0V)2/3#, the ratio of the total baryon rest mass to th

maximum allowed mass for a spherical star (Q* [M* /M
* max
sph ), gravitational wavelength in units ofL in the maximum grid number, and

the products we found when we stopped simulations. In the last column, the estimated ratio of the disk rest mass located forr .3M0 at the
termination of the simulation to the total rest mass for the black hole formation case is listed. All quantities are normalized byk appropriately
to be dimensionless: The mass, the radius, and the density can be rescaled to desirable values by appropriately choosingk. Here,M

* max
sph

denotes the maximum allowed mass of a spherical star (M
* max
sph '0.180 atrmax'0.32 forn51 andk51). BH and NS denote ‘‘black hole’’

and ‘‘neutron star.’’

Model (M /R)` rmax QM M* M0 q0 P̂t50
C0 Q* L/l0 Product Mdisk/M*

M1414 0.14 vs 0.14 0.118, 0.118 1.00 0.292 0.269 0.951 193 0.102 1.62 0.510 NS
M1315 0.13 vs 0.15 0.104, 0.134 0.901 0.292 0.269 0.961 206 0.0976 1.62 0.479 NS
M1616 0.16 vs 0.16 0.151, 0.151 1.00 0.320 0.292 0.914 158 0.116 1.78 0.533 BH,0.2%
M1517 0.15 vs 0.17 0.133, 0.171 0.925 0.319 0.291 0.923 169 0.111 1.77 0.507 BH&2%
M1418 0.14 vs 0.18 0.118, 0.195 0.855 0.317 0.290 0.933 182 0.106 1.76 0.467 BH&4%
M159183 0.159 vs 0.183 0.149, 0.203 0.925 0.332 0.301 0.908 156 0.118 1.84 0.498 BH,1%
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time, and mass in the geometrical unitsc5G51, dimen-
sionless variables can be constructed as

M̄* 5M* k2n/2, M̄5Mk2n/2, R̄5Rk2n/2,
~2.39!

J̄5Jk2n, r̄5rkn, and V̄5Vkn/2.

In the following, only these dimensionless quantities are p
sented~namely units ofk51 are adopted! and, hence, the
bar is omitted.

Nondimensional quantities may be converted to dim
sional ones for a value ofk. Fork51.4553105 cgs which is
chosen in@9#, the mass, the density, and time in the dime
sional units are written as

Mdim51.80M (S k

1.4553105 cgs
D 1/2S M

0.180D , ~2.40!

rdim51.8631015 g/cm3S k

1.4553105 cgs
D 21S r

0.300D ,

~2.41!

Tdim54.93 msS k

1.4553105 cgs
D 1/2S T

100D . ~2.42!
08402
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F. Calibration

Several test simulations, including spherical collapse
dust, stability of spherical and rotating neutron stars, co
parison of eigenoscillation modes of spherical stars with
known results, and longterm evolution of rotating stars, ha
been performed to check the reliability of numerical resu
obtained in the new implementation. A list of these test sim
lations and some of their results are described in@21#.

During the simulations, we monitored the violation of th
Hamiltonian constraint, and the conservation of the bary
rest-mass, the ADM mass, and the angular momentum.
cause of the emission of gravitational waves,M andJ com-
puted in the finite volume by Eqs.~2.36! and~2.37! decrease
with time. However, the sum ofM and accumulated radiate
energy of gravitational waves, and the sum ofJ and accumu-
lated radiated angular momentum of gravitational wav
should be conserved~at least approximately! in numerical
computation as@34#

M ~ t !1DE~ t !5M0 , ~2.43!

J~ t !1DJ~ t !5J0 , ~2.44!

whereDE(t) andDJ(t) denote the total radiated energy an
angular momentum by gravitational waves until a timet, for
which the definitions are described in Sec. III.M0 and J0
denote the initial values ofM andJ.
TABLE II. Computational setting for test simulations.

Model D/M0 Grid size L/l0 L/M0

M1616 0.134 ~633,633,317! 0.533 42.2
M1616-2 0.134 ~505,505,252! 0.425 33.7
M1616-3 0.134 ~313,313,157! 0.263 20.8
M1616-4 0.111 ~377,377,189! 0.263 20.8
M1616-5 0.169 ~249,249,125! 0.263 20.8
M1414 0.156 ~633,633,317! 0.510 49.3
M1414-2 0.156 ~313,313,157! 0.252 24.3
0-6
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The violation of the Hamiltonian constraint is local
measured by the equation as

f c[

UD̃c2
c

8
R̃k

k12prHc51
c5

8 S Ãi j Ã
i j 2

2

3
K2D U

uD̃cu1U c

8
R̃k

kU1u2prHc5u1
c5

8 S uÃi j Ã
i j u1

2

3
K2D .

~2.45!

Following @21#, we define and monitor a global quantity a

H[
1

M*
Er* f c d3x. ~2.46!
T

ls

a

08402
Hereafter, this quantity will be referred to as the averag
violation of the Hamiltonian constraint.

III. ANALYSIS OF GRAVITATIONAL WAVES

Gravitational waves are measured in terms of the gau
invariant Moncrief variables in a flat spacetime@35#. To
compute them, first we perform a coordinate transformat
for the three-metric from the Cartesian coordinates to
spherical polar coordinates, and then splitg i j into h i j

1( lmz i j
lm , whereh i j is the flat metric in the spherical pola

coordinates andz i j
lm is given by
z i j
lm5S H2lmYlm h1lmYlm,u h1lmYlm,w

* r 2~KlmYlm1GlmWlm! r 2GlmXlm

* * r 2sin2u~KlmYlm2GlmWlm!
D

1S 0 2Clm]wYlm /sinu Clm]uYlmsinu

* r 2DlmXlm /sinu 2r 2DlmWlmsinu

* * 2r 2DlmXlmsinu
D . ~3.1!
ari-

os-
es

ned
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Here, the asterisk denotes the symmetric components.
quantitiesH2lm , h1lm , Klm , Glm , Clm , andDlm are func-
tions of r and t, and are calculated by performing integra
over a two-sphere of a given coordinate radius@see@26# for
details#. Ylm is the spherical harmonic function, andWlm and
Xlm are defined as

Wlm[F ~]u!22cotu]u2
1

sin2u
~]w!2GYlm ,

Xlm[2]w@]u2cotu#Ylm . ~3.2!

The gauge-invariant variables of even and odd parities
defined by

Rlm
E ~ t,r ![A2~ l 22!!

~ l 12!!
$4k2lm1 l ~ l 11!k1lm%, ~3.3!

Rlm
O ~ t,r ![A2~ l 12!!

~ l 22!! S Clm

r
1r ] rDlmD , ~3.4!

where

k1lm[Klm1 l ~ l 11!Glm12r ] rGlm22
h1lm

r
, ~3.5!

k2lm[
H2lm

2
2

1

2

]

]r
@r $Klm1 l ~ l 11!Glm%#.

~3.6!
he

re

The cosine and sine components of the gauge-invariant v
ables, which are real quantities, are also defined as

Rlm1
E 5

Rlm
E 1Rl 2m

E

A2
and Rlm2

E 5
Rlm

E 2Rl 2m
E

A2
~m.0!.

~3.7!

Using the gauge-invariant variables, the energy lumin
ity and the angular momentum flux of gravitational wav
can be calculated as

dE

dt
5

r 2

32p (
l ,m

@ u] tRlm
E u21u] tRlm

O u2#, ~3.8!

dJ

dt
5

r 2

32p (
l ,m

@ um~] tRlm
E !Rlm

E u1um~] tRlm
O !Rlm

O u#. ~3.9!

The total radiated energy and angular momentum are defi
as

DE~ t !5E
0

t

dt
dE

dt
, DJ~ t !5E

0

t

dt
dJ

dt
. ~3.10!

We have computed modes withl 52, 3, and 4, and found
that the even modes withl 5umu52 are dominant, and the
even mode withl 52 andm50 is secondly dominant. Fo
merger of unequal-mass binaries, the amplitude of the e
modes withl 5umu53 are as large as that ofl 52 and m
50. Thus attention is paid to these three modes.
0-7
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To search for the dominant frequencies of gravitatio
waves, the Fourier spectra are computed by

R̂lm6~ f !5E
t i

t f
e2p i f tRlm6dt. ~3.11!

In the analysis,t f is chosen as the time at which the simu
tion is stopped. Beforet,r obs wherer obs denotes a radius a
which gravitational waves are extracted, no waves propa
to r obs, so that we chooset i'r obs.

Using the Fourier spectrum, the energy spectrum whic
often referred to in literature~e.g.,@18,20#! can be written as

dE

d f
5

p

2
r 2 (

l ,m>0
uR̂lm~ f ! f u2, ~3.12!

where form5” 0, we define

R̂lm[AuR̂lm1~ f !u21uR̂lm2~ f !u2. ~3.13!

To help the calculation ofdE/d f , uR̂lm( f ) f ur is presented as
the Fourier spectrum in the following.

IV. NUMERICAL RESULTS

A. Setup for simulation

Several quantities that characterize quasiequilibri
states of irrotational binary neutron stars used as initial c
ditions for the present simulations are summarized in Tab
All quantities are appropriately scaled with respect tok to be
dimensionless.

As the initial conditions, we choose binaries of an orbi
separation which is slightly~by ;10%) larger than that for
an innermost orbit. Here, the innermost orbit is defined a
close orbit for which Lagrange points appear at the in
edge of neutron stars@36,31#. Models M1414 and M1616 are
equal-mass binaries, and others are unequal-mass ones.
baryon rest-masses for models M1616, M1517, and M1
or for M1414 and M1315 are almost identical, while th
baryon rest-mass ratios are identical for models M1517
M159183 as 0.925.

The frequency of gravitational waves for binaries in the
quasiequilibria is given by

f QE5
V

p
'960 HzS 2.8M (

M0
D S C0

0.12D
3/2

, ~4.1!

and, thus, the orbital period of the quasiequilibria,Pt50, is

Pt50'2.08 msS 2.8M (

M0
D 21S C0

0.12D
23/2

, ~4.2!

whereC0 is a compactness parameter of an orbit defined

C0[~M0V!2/3[
M0

a0
. ~4.3!

Here,a0 is defined as the initial orbital separation. For t
initial conditions chosen in this paper,a0.8.5M0.
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The simulations were performed using a fixed unifo
grid and assuming reflection symmetry with respect to
equatorial plane~here, the equatorial plane is chosen as
orbital plane!. The typical grid size is~633, 633, 317! for
(x,y,z). The grid covers the region2L<x<L, 2L<y
<L, and 0<z<L whereL is a constant. The grid spacin
~which is L/316 in the typical case! is determined from the
condition that the major diameter of each star is covered w
about 40 grid points initially.

Numerical results depend weakly on the grid resolut
and location of the outer boundaries. In order to investig
this, additional test simulations were performed choosing
smaller grid sizes with a fixed value of grid spacing and
larger grid spacings with a fixed value ofL for selected mod-
els. The setting for the test simulations are summarized
Table II and the numerical results are presented in Sec. IV

With a ~633, 633, 317! grid size, about 240 GB computa
tional memory is required. For the case of neutron star
mation, the simulations are performed for about 20000 ti
steps and then stopped artificially. The computational ti
for one model in such a calculation is about 100 CPU ho
using 32 processors on FACOM VPP5000 in the data p
cessing center of National Astronomical Observatory of
pan~NAOJ!. For the case of black hole formation, the sim
lations crash soon after the formation of apparent horiz
because of the so-called grid stretching around the black
formation region. In this case, the computational time
about 50 CPU hours for about 10000 time steps.

In the above setting, the wavelength of gravitation
waves att50 ~denoted byl0) is about twice that ofL ~cf.
Table I!. As found in a previous paper@8#, gravitational
waves and radiation reaction are taken into account wit
fair accuracy~within ;10% numerical error! in this setting.
Since the typical wavelength of gravitational waves becom
shorter and shorter in the late inspiral phase, the accurac
the wave extraction is improved with the evolution of th
system. As a result, the magnitude of the error in the to
radiated energy and angular momentum would be m
smaller than 10%. This point will be reconfirmed in Se
IV D. The wavelength of quasiperiodic waves emitted fro
the formed neutron star is much shorter thanl0 and L, so
that the waveforms in the merger stage can be compu
accurately in the case of neutron star formation.

As found in @36,31#, orbits for irrotational binaries of
equal mass withG,2.5 (n.2/3) are dynamically stable
from the infinite separation to the innermost orbit. Therefo
the merger in reality should be triggered by the radiat
reaction of gravitational waves forG52. In the previous
implementation, however, the radiation reaction for the l
inspiral stage was not very accurately computed. Thus
simulations were initiated by setting a binary at the inn
most orbit and reducing the angular momentum slightly
induce prompt merger@7,8#. In the new implementation, on
the other hand, the radiation reaction can be computed w
good accuracy~within ;1 to 2% error throughout a simula
tion, see Sec. IV D!. Thus, in the present work, we prepare
binaries of orbits slightly far away from the innermost orb
and started simulations without adding any perturbati
0-8
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FIG. 2. Snapshots of the density contour curves forr in the equatorial plane for model M1315. The solid contour curves are drawn
r/0.155120.1j for j 50,1,2, . . . ,9, and thedashed-solid curves are forr/0.1550.05, 0.01, 1023, and 1024. Vectors indicate the loca
velocity field (vx,vy), and the scale is shown in the upper right-hand corner.Pt50 denotes the orbital period of the quasiequilibriu
configuration given att50. The length scale is shown in units ofGM0 /c2, whereM0 is the gravitational mass computed att50. In the first
panel, the primary neutron star is located atx.0.
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With this setting, a transition from the inspiral to the merg
is triggered by the radiation reaction. This point will be de
onstrated in Sec. IV D.

B. Characteristics of the merger

In Figs. 2–5, we display the snapshots of the density c
tour curves and the velocity vectors at selected time steps
models M1315, M1414, M1418, and M1616@37#. Figure 6
shows the evolution of the maximum values ofr andf, and
08402
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the minimum value ofa for all the models adopted in thi
paper except for model M159183.

The numerical results for models M1414 and M16
computed by an old implementation have been already
sented in@7,8#. With the present new implementation, how
ever, the quality of the numerical results is significantly im
proved and, hence, the improved results are displayed as
updated ones.

The simulations for models M1616, M1517, and M14
crashed soon after the formation of apparent horizons
0-9
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FIG. 3. The same as Fig. 2 but for model M1414.
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cause the black hole forming region was stretched sign
cantly and the grid resolution became too poor to reso
such a region. On the other hand, we artificially stopped
simulations for models M1414 and M1315 att*3.5Pt50 to
save the computational time. At the termination of the
simulations, the averaged violation of the Hamiltonian co
straint does not increase rapidly and remains of order
Therefore the simulations could be continued for a mu
longer time than 3.5Pt50 in the formation of the massive
neutron stars.

In every model, the merger is triggered by the radiat
reaction: For t&Pt50, the orbital separation decreas
gradually as a result of gravitational radiation reaction a
each neutron star is elongated little by little. The elongat
is always larger for the smaller-mass star in nonequal m
binaries. At a critical separation which is reached att;0.8 to
08402
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0.9Pt50, the orbit becomes unstable probably against hyd
dynamic instability to start the merger. At this point, the l
angle which is defined to be the angle in the equatorial pl
between the major axis of each star and the axis connec
the centers of mass of two stars@20# is ;10° –15°. In
unequal-mass binaries, we always find a larger lag angle
the smaller-mass star. This is in agreement with that in@20#.

In contrast to previous Newtonian@17,18#, post-
Newtonian @19,20#, and approximately relativistic simula
tions@38#, the formation of a black hole can be determined
fully general relativistic simulations. In the black hole fo
mation, most of the fluid elements are swallowed into t
black hole. Therefore the evolution of the system is sign
cantly different from that in the neutron star formation. Fro
this reason, we describe the character of the merger for
formation of neutron stars and black holes separately.
0-10
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FIG. 4. The same as Fig. 2 but for model M1418. Here, the solid contour curves are drawn forr/0.205120.1j for j 50,1,2, . . . ,9, and
the dashed-solid curves are forr/0.2050.05, 0.01, 1023, and 1024. The thick dotted circle in the last panel of radiusr;0.5M0 denotes the
location of the apparent horizon. Att50, the primary neutron star is located atx.0.
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1. Formation of hypermassive neutron star

For models M1315 and M1414, massive neutron stars
formed ~cf. Figs. 2 and 3!. In this case, the total baryo
rest-mass of the system is about 1.62 times as large asM

* max
sph

for a polytropic equation of state withn51. Thus the formed
neutron star is hypermassive in the sense that the ma
larger than the maximum allowed value for rigidly rotatin
neutron stars withn51 @39#. As indicated in the previous
papers@7,8#, such a large mass is supported by a large c
trifugal force due to rapid and differential rotation.

In @7,8#, we concluded that the merged object for mod
M1414 eventually collapses to a black hole in 2 to 3Pt50.
However, in the present improved simulation, a hyperm
sive neutron star is formed instead of a black hole. There
two plausible reasons for this discrepancy. One is that sho
are calculated in a better accuracy with the new implem
tation of a high-resolution shock-capturing scheme and,
result, the thermal energy, which could play an import
08402
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role for supporting the massive object, is increased in
new result. The other possible reason is an improvemen
the treatment of the transport term for geometric variab
This makes the angular momentum conservation more a
rate, avoiding the spurious collapse.

Besides the correction to the threshold for collapse
merged objects, the qualitative properties during the me
of equal-mass binaries are essentially the same as t
found in the previous simulations@7,8#: The merged object
constitutes a double core structure soon after the merger@cf.
fifth panel of Fig. 3 and Fig. 7~b!#. At the collision of two
neutron stars, the radial infall velocity is not so large th
shock heating is not very important around the mass cen
In Fig. 8, we showk8 along thex andy axes, which denotes
the efficiency of the shock heating. In our notation, it is un
everywhere inside the neutron stars att50. Thus the fluid
elements for which the value ofk8 is larger than unity have
experienced the shock heating. This figure shows that for
0-11
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FIG. 5. The same as Fig. 4 but for model M1616.
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&4M0, k8 is ;1 to 2, implying that the shocks do not pla
a very important role except for the outer envelops.

In the outer region, small spiral arms are formed so
after the merger sets in, but they do not spread outw
widely because of insufficient angular momentum. The sp
arms subsequently wind around a central double core. In
central region, the double core has not only a rotational m
08402
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tion around the mass center but also has a quasiradial o
lation which is originally excited by a radial plunge at
transition from the inspiral to the merger stage. Because
the quasiradial oscillation, weak shocks are formed in
outer envelops. As a result, the outer region is heated up
gains the kinetic energy to expand outward@cf. Fig. 8~b!#.
This process is repeated many times transferring the kin
f
l

(a) (b)

FIG. 6. Evolution of the maximum values ofr andf, and the minimum value ofa ~a! for models M1414~dashed curves! and M1315
~solid curves!, and~b! for models M1616~dashed curves!, M1517~long-dashed curves!, and M1418~solid curves!. Note that for the case o
black hole formation@Fig. 6~b!#, the maximum density decreases in the final stage. The reason is as follows: We chooser* as a fundamenta
variable to be evolved and computer from r* /w/e6f. In the final stage,f is very large (.1) and, hence, a small error inf results in a
large error inr. Note that the maximum value ofr* increases monotonically by many orders of magnitude.
0-12



MERGER OF BINARY NEUTRON STARS OF UNEQUAL . . . PHYSICAL REVIEW D 68, 084020 ~2003!
(a) (b)

FIG. 7. The density profile along thex ~dotted curves! andy axes~solid curves! ~a! for model M1315 att52.303Pt50 and~b! for model
M1414 att52.351Pt50.
t

m
t

-
al
r
rm
tio
tid
th

tric
.
ra-
he
ns-

ps
or
his
414
ut

the
ther
ult,
not

the
energy of the inner core to the outer region and, hence,
quasiradial oscillation of the core damps gradually~see Fig.
6!.

For the merger of an unequal-mass binary~for model
M1315!, the merger process is qualitatively different fro
that in the equal-mass case because tidal disruption of
smaller-mass star by the massive primary takes place~cf.
fourth panel of Fig. 2!. The tidally disrupted star subse
quently forms a tidal tail. During the formation of the tid
tail, the angular momentum is efficiently transferred outwa
and, as a result, large spiral arms are formed. The spiral a
subsequently wind around the central core to be accre
disks. Because of the angular momentum transfer at the
disruption and at subsequent formation of spiral arms,
disk radius is much larger than that for model M1414~cf.
Fig. 9!.
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In the central region, a massive object with an asymme
double core is formed@cf. the last panel of Fig. 2 and Fig
7~a!#. As in model M1414, the central core oscillates quasi
dially ~see Fig. 6!. This motion produces shocks around t
outer part of the core and, as a result, the energy is tra
ferred to the outer envelops@cf. Fig. 8~a!#. Since this process
is repeated, the quasiradial oscillation of the core dam
gradually. The amplitude of the quasiradial oscillation f
model M1315 is not as large as that for model M1414. T
reflects the difference of the merger process between M1
and M1315: For M1414, two neutron stars merge witho
tidal disruption and mass ejection outward. Therefore all
mass elements in this system collide coherently. On the o
hand, for M1315, the tidal disruption takes place. As a res
a fraction of mass elements in the smaller-mass star do
have a plunging motion at the collision and, hence,
d.
(a) (b)

FIG. 8. k8(5«/r) along thex ~solid curves! andy axes~dotted curves! ~a! for model M1315 att52.303Pt50 and~b! for model M1414
at t52.351Pt50. Note that att50, this quantity is unity everywhere inside neutron stars.k8.1 implies that shock heating is experience
0-13
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(a) (b)

FIG. 9. Evolution of the baryon rest-mass fraction outside the spheres of radius 3M0 ~solid curve!, 4.5M0 ~dashed curve!, and 6M0

~dotted-dashed curve! ~a! for model M1315 and~b! for model M1414.
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merger does not set in as coherent as that for model M1
Due to this reason, the amplitude of the quasiradial osc
tion is suppressed.

Figure 6~a! shows that the maximum density of the h
permassive neutron star for model M1315 is larger than
for M1414 in spite of the fact that the total baryon-rest ma
is nearly identical. This reflects the fact that the regi
around the mass center for model M1315 rotates less rap
than that for M1414. This suggests that the hypermas
neutron stars formed from the merger of the smaller re
mass ratios are more compact.

In Fig. 9, we plot the evolution of the baryon rest-ma
fraction outside the spheres of radius 3M0 ~solid curve!,
4.5M0 ~dashed curve!, and 6M0 ~dotted-dashed curve!.
Here,r 50 is chosen as the center of the spheres. This sh
the significance of the angular momentum transfer for mo
M1315. For model M1414, the baryon rest mass outside
spheres of fixed radii simply oscillates with a mean va
which is approximately constant with time evolution. Th
fraction of the rest mass outside the sphere of radius 6M0 is
;1% in this case. On the other hand, for M1315, the bary
rest mass outside spheres of fixed radii increases grad
with time. This result reflects an efficient angular moment
transfer. Figure 9 indicates that the fraction of the rest m
outside the sphere of radius 6M0 is ;5%, implying that
disks of*0.1M ( are formed around the hypermassive ne
tron star.

A post-Newtonian simulation reports that the fraction
the disk mass for an equal-mass merger is;6% @20#. This
value is much larger than the value obtained in this pape
plausible reason for this discrepancy is that in the po
Newtonian approximation, the gravity of the hypermass
neutron star is underestimated and, hence, the mass cap
by it is also underestimated.

Because of the nonaxisymmetric and quasiradial osc
tions of the hypermassive neutron stars, quasiperiodic gr
tational waves of a few characteristic oscillation modes
simultaneously excited for models M1315 and M1414 fo
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long duration after the merger. This point will be discussed
Sec. IV C.

2. Formation of rotating black hole

For models M1418, M1517, M1616, and M159183, bla
holes are formed~cf. Figs. 4, 5, and 10! in a dynamical time

FIG. 10. Comparison of the density contour curves forr in the
equatorial plane near the end of the simulations for models M16
M1517, M1418, and M159183. The solid contour curves and
velocity vectors are drawn in the same manner as those for Fig
The thick dotted circle of radiusr;0.5M0 denotes the location o
the apparent horizon.
0-14
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(a) (b)

FIG. 11. ~a! 12M* (r )/M* as a function of time forr /M053 ~solid curve! and 4.5~dashed curve! for models M1616, M1517, and
M1418. ~b! The same as~a! but for models M1517 and M159183 for which the rest-mass ratio is identical but the total baryon rest m
different.
s
th
st

ac

th
tr
co
he
n
ci

tu
ac

as
ri
ta

ca
e
rm
a
r
o

se
c

ou
fo
ly
fo
fi
ti

an
es

ass
els
te
the
ck
-
we

bit
n-
s

d at
tal

,
ass
rm
rtion

83
nd
e of
that
nd,
the
itor

a

at
cept

nt
n

p-
scale;1.3Pt50 irrespective of the baryon rest-mass ratio
The formation of the black holes is determined by finding
apparent horizons@40#. In all the cases, the total baryon re
mass of the system is about 1.75 times as large asM

* max
sph for

a polytropic equation of state withn51. Since the black
holes are formed forM* *1.75M

* max
sph while the hypermas-

sive neutron stars are the outcomes forM* &1.65M
* max
sph , the

threshold of the total baryon rest mass for the prompt bl
hole formation is between 1.65 and 1.75M

* max
sph for n51.

The formation process of the black holes depends on
rest-mass ratios. For the merger of two equal-mass neu
stars, the merger results in a massive object of a double
without tidal disruption and mass ejection outward. T
merged object is too massive to support its self-gravity a
hence, collapses to a black hole promptly. Since the spe
angular momentum of each fluid element is too small@8# and
also since there is no efficient transfer of angular momen
during the merger, the disk mass around the formed bl
hole is very small@cf. Figs. 10~a! and 10~e!#.

On the other hand, for the merger of two unequal-m
neutron stars, the black hole formation appears to be t
gered by accretion to the primary star: First, the primary s
tidally disrupts the smaller-mass companion at a criti
separation. Subsequently, most of the tidal debris accret
the massive primary star and a small fraction of them fo
spiral arms. The accretion increases the mass of the prim
star rapidly, eventually, exceeding the critical value for fo
mation of a black hole. During the merger, the angular m
mentum transfer works efficiently in the spiral arms, sub
quently forming an accretion disk around the formed bla
hole.

In Fig. 10, we compare snapshots of density cont
curves soon after the formation of apparent horizons
models M1616, M1517, M1418, and M159183. Obvious
fractions of the disk mass and the disk radius are larger
binaries of the smaller rest-mass ratios. Comparing the
ures for M1517 and M159183 for which the rest-mass ra
is identical as 0.925, it is also found that the disk mass
radius are smaller for the merger of the larger compactn
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Figure 11 shows the evolution of the baryon rest-m
fraction outside spheres of fixed coordinate radii for mod
M1616, M1517, M1418, and M159183. As the coordina
radii of the spheres, it is desirable to choose the radius of
innermost stable circular orbit around the formed bla
holes, but in practice it is difficult to determine it from nu
merical results exactly for dynamical spacetimes. Thus
rather arbitrarily choose 3M0 and 4.5M0 which are not far
away from the radius of the innermost stable circular or
for rotating black holes of nondimensional angular mome
tum parameter;0.8 to 0.9. For model M1616, the mas
fraction outside these radii decreases monotonically, an
the termination of the simulation, less than 0.2% of the to
rest mass of the system is outside the sphere of radius 3M0.
On the other hand, the mass fraction forr>3M0 appears to
approach;2% and;4% for models M1517 and M1418
respectively. This indicates that for mergers of unequal-m
neutron stars, a certain fraction of the mass would fo
disks, and the mass fraction seems to increase in propo
to 12QM for a given value ofM* .

Comparing the results for models M1517 and M1591
for which the rest-mass ratio is identical as 0.925, it is fou
that the mass fraction of disks decreases with the increas
the compactness of neutron stars. The reason is simply
the gravity of the system is stronger for model M159183 a
as a result, a larger fraction of the mass is swallowed into
black hole. Obviously, smaller compactness of progen
neutron stars is in favor of the formation of disks around
formed black hole.

Figures 12~a!–12~d! showk8 along thex axis for models
M1616, M1517, M1418, and M159183. Figures indicate th
most of the fluid elements are heated up by shocks, ex
the inner region of the disk where the value ofk8 is less than
10. This implies that the shock heating is not very importa
for high density regions; i.e., at the collision of two neutro
stars, the shocks are not very strong.

In Fig. 13, we display the time evolution of mass of a
parent horizonsMAH in units of M0 for models M1616,
M1517, M1418, and M159183.MAH is defined by
0-15
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MAH5A S

16p
, ~4.4!

whereS is the area of the apparent horizon. The figure in
cates thatMAH /M0 appears to approach;0.85 for models
M1616, M1517, and M159183, and;0.75 for model
M1418. For models of the smaller rest-mass ratios, the va
of MAH /M0 is smaller; i.e., a larger fraction of the ma
element is not swallowed into a black hole.

Since most of the mass elements fall into the black h
and radiated energy of gravitational waves is less than 1%
M0 for model M1616~see Sec. IV C!, the black hole mass
may be approximated byM0 within ;1% error. Further-
more, recall that the area of a Kerr black hole of massM and
Kerr parameterMq (q[J/M2) is written by

FIG. 12. k8(5«/r) along thex axis for models M1616, M1517
M1418, and M159183 at the same time steps as those of Fig.
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S58pM2@11~12q2!1/2#. ~4.5!

For model M1616,M;M0 andMAH;0.85M0. This implies
a value of;0.9 for the nondimensional angular momentu
q of the formed black hole for model M1616. Since the in
tial value of the system,q0, is about 0.913, andM and J
decrease by;0.5% and;7% by gravitational radiation~see
Sec. IV!, respectively, the expected final value ofq is ;0.85,
which agrees with the numerical value within;5% error.
~The disagreement is due to a numerical error associ
with insufficient grid resolution. This point is confirmed b
the convergence test presented in Sec. IV E.! The result pre-
sented here indicates that the location and the area of
apparent horizon are determined within;5% error with the
current grid resolution.

C. Gravitational waves

In Figs. 14–16, we present the gravitational wavefor
~gauge-invariant quantities! and the accumulated energy an
angular momentum loss by gravitational radiation as a fu
tion of the retarded time (t2r obs)/Pt50. ~In the following,
the retarded time is always normalized byPt50.! It should

FIG. 13. Mass of apparent horizon as a function of time
models M1616~solid curve!, M1517~dashed curve!, M1418~long-
dashed curve!, and M159183~dotted curve!.

.

d

(a) (b)

FIG. 14. R226r , R336r , andR20r as a function of the retarded time~a! for model M1315 and~b! for model M1414. The solid and dashe
curves forR22 andR33 denoteRlm1 andRlm2 .
0-16
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be noted thatR226r /M051 implies the values ofrh1 and
rh3 along thez axis due tol 5m52 modes are'1.85 km,
where

h1[
1

2r 2 S guu2
gww

sin2u
D , h3[

guw

r 2 sinu
. ~4.6!

Irrespective of the mass and the mass ratio of binaries
inspiral waveforms are dominant fort2r obs&Pt50, and sub-
sequently, the merger waveforms are excited. For hyperm
sive neutron star formation, quasiperiodic waves are exc
because of its quasiradial and nonaxisymmetric oscillatio
For the black hole formation case, the computation cras
soon after the formation of apparent horizon. As a result,
were not able to compute complete gravitational wavefor
for t2r obs*Pt50, for which gravitational waves would b
dominated by quasinormal mode ringings@41#. A straightfor-
ward approach to compute such gravitational waves is
develop a black hole excision technique@42#, by which it
may be possible to continue the simulation for a long ti
duration even after the formation of the black hole. An alt
native approach is to extract gravitational waves from a

FIG. 15. R221r andR331r as a function of the retarded time fo
models M1616 ~long-dashed curves!, M1517 ~dashed curves!,
M1418 ~solid curves!, and M159183~dotted curves!.
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stricted spacetime data set using the so-called Lazarus t
nique@43#. Leaving the development of the two methods f
future implementations, we focus our discussions bel
mainly on the character of gravitational waves for neutr
star formation than for black hole formation.

1. Hypermassive neutron star formation case

In Fig. 14, the gauge-invariant quantities for (l ,m)
5(2,2), ~3,3!, and ~2,0! for models M1315 and M1414 ar
displayed. In both cases, the inspiral waveforms are do
nant for t2r obs&Pt50 and quasiperiodic waves excited b
nonaxisymmetric quasiperiodic oscillations are emitted a
the merged objects are formed fort2r obs*Pt50. It is found
that the waveforms of the~2,2! mode for two models are
similar but a slight difference can be seen in the quasip
odic oscillation fort2r obs*Pt50. For model M1315, quasi-
periodic waves appear to be mainly composed of a sin
oscillation mode. On the other hand, a non-negligible mo
lation can be observed in the waveforms for model M14
This implies that they are composed of more than two do
nant modes.

Figure 14 shows that the gauge invariant variable for
~2,0! mode does not oscillate around zero. This is due to
fact that gravitational waves are extracted at a finite rad
and, as a result, this variable contains nonwave compon
associated with a stationary quadrupole moment. To ca
late the Fourier spectrum of gravitational waves, we fi
subtracted the stationary component fromR̂20 and, then, per-
formed the Fourier transformation. In Fig. 17, the Four
spectra of the gauge-invariant variables for models M13
and M1414 are displayed. Here,uR̂lm( f ) f ur is plotted. When
taking a look at this figure, the following should be also ke
in mind: ~i! the spectra presented for the~2,2! mode are not
realistic for f , f QE because the spectra of inspiraling wav
forms should be dominant in reality asuR̂22( f ) f u} f 21/6 for
f & f QE; ~ii ! the amplitude of the peaks found atf ;2 f QE and
3 f QE for the ~2,2! mode and atf QE for the ~2,0! mode is
underestimated because we stopped the simulations du
(a) (b)

FIG. 16. The accumulated energy and angular momentum loss by gravitational radiation as a function of the retarded time~a! for models
M1315 ~solid curves! and M1414~dashed curves!, and~b! for models M1418~solid curves!, M1517 ~dashed curves!, M1616 ~long-dashed
curves!, and M159183~dotted curves!.
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(a) (b)

FIG. 17. ~a! Fourier spectrum ofl 5m52 and l 52,m50 for models M1414~dashed curve! and M1315~solid curve!. ~b! Fourier
spectrum ofl 5m53 for model M1315.
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the oscillation of the formed hypermassive neutron stars
save computational time~see discussion below!.

For model M1315, a single peak is found at a frequen
'3.2f QE in the Fourier spectrum, while for model M141
two peaks of'2.0f QE and 2.95f QE are found for the~2,2!
mode. The difference in the number of the peaks reflects
difference of the merger process. For model M1414,
merged object constitutes a nonaxisymmetric hypermas
neutron star of a double core structure, which quasiradi
oscillates with a large amplitude. Therefore at least t
modes~nonaxisymmetric and quasiradial oscillation mode!
are contained. The peak atf ;3 f QE is associated with the
nonaxisymmetric bar-mode oscillation, while that atf
;2 f QE is produced by a modulation due to coupling betwe
the nonaxisymmetric and quasiradial oscillations because
difference of their frequencies is approximately equal tof QE
which corresponds to the frequency of the quasiradial os
lation. These two peaks in the Fourier spectra have been
found in Newtonian@18# and post-Newtonian simulation
@19,20#. On the other hand, for model M1315, the merg
object forms a hypermassive neutron star of an asymme
double core structure. In this object, the amplitude of
quasiradial motion is not as large as that for model M14
As a result, the peak atf ;2 f QE associated with the modu
lation between the nonaxisymmetric and quasiradial osc
tions is not as remarkable as that for model M1414. T
feature has been also found in the post-Newtonian st
@20#.

The frequency of the peaks for the~2,2! mode aroundf
;3 f QE for model M1315 is slightly larger than that fo
M1414. This results from the fact that the maximum dens
~or the compactness! of the formed hypermassive neutro
stars is larger for M1315~see Fig. 6!. This fact indicates tha
for the smaller rest-mass ratio, the gravitational wave f
quency associated with the nonaxisymmetric oscillation
higher for a fixed total rest mass of the system.

Assuming that the total mass of the system is 2.8M ( , f QE
is '750 Hz for model M1414 and'700 Hz for model
M1315 according to Eq.~4.1!. This implies that the peaks in
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the Fourier spectrum appear at'1.5 and 2.2 kHz for M1414
and at'2.25 kHz for M1315. These frequencies will be to
high to be detected by the first LIGO. However, these q
siperiodic gravitational waves will be interesting targets
resonant-mass detectors and/or specially designed adva
interferometers such as the advanced LIGO@3#.

It should be mentioned that the peak frequencies in
post-Newtonian simulation@20# are smaller than those foun
in our study for a given neutron star mass and rad
'15 km. This may be due to the fact that, in our fully ge
eral relativistic simulation, the gravity is taken into accou
correctly and is stronger than that in the post-Newtonian
proximation. Consequently, the formed hypermassive n
tron star is more compact and hence the oscillation freque
higher.

The magnitude of the quasiradial oscillation is reflected
the amplitude of the gravitational waves for the~2,0! mode
@45#. In the early phase (t2r obs&Pt50), this mode is domi-
nated by a stationary quadrupole mode which is not ass
ated with gravitational waves, but after a hypermassive n
tron star is formed it becomes a dominant component. Fig
14 shows that the amplitude of the~2,0! mode for model
M1414 is larger than that for M1315 by a factor of;2. This
results from the fact that the amplitude of the quasirad
oscillation for M1414 is larger than that for M1315.

The frequency of gravitational waves for the~2,0! mode is
within the sensitive band of kilometer-size laser interfero
eters as; f QE;0.7(2.8M ( /M0) kHz. Although the ampli-
tude is;5% of that of the dominant~2,2! mode, this mode
does not damp soon as indicated in Fig. 6~a!. Therefore if the
cycles are accumulated using a theoretical template, the
fective amplitude may be much larger than that for one cy
and may be as large as the amplitude ofR22(;M0 /r ) at f
; f QE. Unfortunately, it is difficult to exactly estimate th
effective magnitude from the present numerical results
finite duration. However, gravitational waves of this mo
may be an interesting target even for the first-genera
gravitational wave detectors such as the first LIGO.
0-18
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2. Dependence of inspiral waveforms on mass ratios

From Fig. 15, we find that the maximum amplitude
smaller for models of the smaller rest-mass ratios. Accord
to the quadrupole formula, the maximum amplitude for
given total mass is proportional toQM /(11QM)2 which is
in a small range 0.246–0.25 for 0.8,QM,1. This suggests
that the maximum amplitude would depend weakly on
value of QM . However, the ratios of the maximum amp
tude for models M1517 and M1418 to that for model M16
are 0.966 and 0.909, respectively. This implies that the m
mum amplitude is suppressed with the decrease ofQM . This
results from the fact that the tidal effect plays a more imp
tant role in the close binaries of the smaller rest-mass ra
Since the tidal disruption sets in at a larger orbital separa
for the smaller rest-mass ratios, the maximum amplitu
should be decreased.@Similar results are also found in Fig
16~b! ~see below!.# This property has been reported in th
Newtonian and post-Newtonian studies, too@17,19,20#. Ac-
cording to@19,20#, the suppression factor is proportional
QM ~for a fixed value ofM* ), agreeing with our results
approximately.

Another difference of gravitational waveforms betwe
models of equal-mass and unequal-mass binaries can be
in the modes of odd values ofm ~Figs. 14 and 16!. For the
merger of equal-mass binary neutron stars, the amplitude
those modes is zero because of thep-rotation symmetry. On
the other hand, it is not negligible for the mergers
unequal-mass binaries. However, the amplitude is at m
5% of that of the~2,2! mode.

3. Radiated energy and angular momentum

Figure 16 shows that in the final inspiral phase (t2r obs
&Pt50), ;0.3–0.5% of the initial ADM mass and;6 –8%
of the initial angular momentum are carried away by gra
tational radiation. (M does not change much butJ decreases
significantly.! This implies that the nondimensional angul
momentum parameterq decreases by;5 –7% due to the
gravitational radiation. Since a large fraction of baryon m
of the system is swallowed into a black hole for mod
M1616, M1517, M1418, and M159183, the ADM mass
the black hole should be;M0 within a few percents error
From this fact, we may expect that the final value ofq is
;0.95q0 within a few percents error and, hence, it is in t
range between 0.8 and 0.9. This value is approximately c
sistent with the value derived from the area of apparent
rizons computed at the termination of the simulations.

Figure 16 also indicates that the energy and angular
mentum loss by gravitational radiation decrease with the
crease of rest-mass ratios. The reason is that tidal disrup
takes place before the orbital separation becomes as sm
the sum of radii of two stars for the merger of unequal-m
neutron stars. The orbital separation at the tidal disruptio
larger for the smaller rest-mass ratios for a fixed value of
total rest mass of the system. This implies that the maxim
value of the compactness of binary orbit is smaller for
smaller rest-mass ratios, resulting in that the amount
gravitational radiation becomes smaller.
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For the case of hypermassive neutron star formation,
energy and the angular momentum are carried away gra
ally due to gravitational radiation emitted by the quasipe
odic nonaxisymmetric oscillations. Since the emission ti
scale is much longer than the dynamical time scale, i
impossible to follow the longterm evolution of the hype
massive neutron stars to the final state. If we assume tha
angular momentum is dissipated by gravitational waves w
the same rate as that at the termination of the simulation,
angular momentum will become smaller than 0.1J0 around
t*300Pt50. Since the hypermassive neutron stars are s
ported by the centrifugal force, they will collapse to a bla
hole as a result of the angular momentum dissipation wit
;1 s.

In the SPH calculations@19,20,38#, the quasiperiodic os-
cillations of the hypermassive neutron star damp in mu
shorter time than in our numerical results. If we believe th
results, the lifetime of the hypermassive neutron stars wo
be much longer. The reason for the discrepancy between
and their results is unclear. However, as far as our sim
tions are concerned, there is no reason for the damping o
nonaxisymmetric oscillation in such a short time scale sin
the emission time scale of gravitational waves is mu
longer than one oscillation period and other damping p
cesses such as dynamical angular momentum transfer
unlikely to work efficiently. We suspect that damping foun
in previous works may be due to a spurious numerical di
pation or due to an overestimation of gravitational radiat
damping in the post-Newtonian formalism they adopted.

D. Gravitational radiation reaction

The ADM massM and the angular momentumJ com-
puted in a finite computational domain using Eqs.~2.36! and
~2.37! decrease with time because of the gravitational rad
tion. However, conservation laws~2.43! and ~2.44! should
still be satisfied. Here, we demonstrate that they are satis
approximately in the present simulations.

Figure 18 shows the time evolution ofM and J ~solid
curves! and of the quantities defined by the following equ
tions ~dotted curves! for models M1414 and M1517:

M 8~ t !5M02DE~ t !, ~4.7!

J8~ t !5J02DJ~ t !. ~4.8!

The relationsM 8(t)5M (t) and J8(t)5J(t) are equivalent
to the conservation of the total ADM mass energy and an
lar momentum. Figure 18 indicates that relationsM5M 8
and J5J8 are satisfied within;1% error except for the
phase in which the merged object collapses to a black h
and, as a result, the grid resolution becomes too poor.

In fully general relativistic simulations, the numerical a
curacy is restricted by grid resolution and by the approxim
outer boundary conditions imposed in a local wave zone. T
results presented here indicate that these errors are
pressed within;1% error in our simulations in the absenc
of a black hole.~In the presence of a black hole, the erro
increased to;10% and the computation crashed.!
0-19
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(a) (b)

FIG. 18. Evolution of the total energy and angular momentum of the system calculated by Eqs.~2.36! and~2.37! ~solid curves! and that
calculated by Eqs.~4.7! and ~4.8! ~dotted curves! ~a! for model M1414 and~b! for model M1517.
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The conservation of the angular momentum which ho
approximately in our present simulations is a necessary c
dition for studying the formation of disks and a hyperma
sive neutron star supported by centrifugal force, and the fi
value of q of a black hole. The results here indicate t
reliability of the numerical results on the formation of dis
and hypermassive neutron stars, and on determination o
final value ofq presented in Secs. IV B and IV C.

E. Calibrations

Convergence tests were performed employing mod
M1616 and M1414. The test simulations were done for fi
additional models as listed in Table II. To investigate effe
of the location of the outer boundaries at which approxim
boundary conditions were imposed, the values ofL were
changed for three levels asL/l050.533 ~M1616!, 0.425
~M1616-2!, and 0.263~M1616-3! fixing the grid spacing. To
see effects with regard to the grid resolution, we also p
formed two additional simulations for models M1616
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and M1616-5 in which the location of the outer boundar
was the same as that for M1616-3, but the grid spacings w
about 5/6 and 5/4 times, respectively, that for M1616-3
simulation for model M1414-2 was performed to clari
weak dependence of gravitational waveforms from quasip
odic oscillations of a hypermassive neutron star on the va
of L.

1. Convergence test with regard to grid resolution

Figure 19 shows the evolution of the maximum dens
the central values ofa andf, the averaged violation of the
Hamiltonian constraintH @computed by Eq.~2.46!#, M @com-
puted by Eq.~2.36!#, and J @computed by Eq.~2.37!# for
models M1616-3~dotted curves!, M1616-4 ~solid curves!,
and M1616-5~long-dashed curves!. This figure indicates the
dependence of the numerical results on the grid resolu
for a fixed value ofL. It is found that the convergence ofH
is at first order. A likely reason is as follows: Since th
vacuum is not allowed in our hydrodynamic implementatio
int
(a) (b)

FIG. 19. Time evolution of the maximum density, the central values ofa andf, the averaged violation of the Hamiltonian constra
(H), M, andJ for models M1616-3~dotted curves!, M1616-4~solid curves!, and M1616-5~long-dashed curves!. In this figure, effects with
regard to the grid resolution are clarified.
0-20
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(a) (b)

FIG. 20. The same as Fig. 19, but for models M1616~solid curves!, M1616-2~dashed curves!, and M1616-3~long-dashed curves!. In this
figure, effects with regard to the location of the outer boundaries are clarified.
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we have to add an atmosphere of small density outside
tron stars. In the present work, the density of the atmosph
is ;1027 in units of k51. As a result, a very steep densi
gradient appears at the stellar surface. In such a region
transport term of the hydrodynamic equations is compu
with first-order accuracy in space. This effect seems to
non-negligible in determining the global order of the acc
racy.

The angular momentum is dissipated and transported
physically by numerical effects. For the larger grid spaci
the dissipation rate is larger and, as a result, the duratio
the inspiral phase becomes shorter. Even in the case o
best resolution~M1616-4!, the angular momentum appea
to be dissipated by;1%. This effect may be the mai
source for the discrepancy betweenJ andJ8 @see Fig. 18~a!#
in the late phaset2r obs*Pt50 for model M1414.

2. Convergence test with regard to L

In Fig. 20, we show the same figure as that of Fig. 19
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for models M1616~solid curves!, M1616-2~dashed curves!,
and M1616-3~long-dashed curves! to make a comparison
among the numerical results with the different values oL
and a fixed grid spacing. It is found that~i! for a smaller
value ofL, the merged object collapses earlier,~ii ! H depends
very weakly on the value ofL, and~iii ! the results for models
M1616 and M1616-2 are almost identical.

The reason for~i! is that the magnitude of the radiatio
reaction is overestimated with small values ofL. To explain
this effect, gravitational waveforms, the radiated energy, a
the radiated angular momentum are shown in Fig. 21, wh
indicate that the numerical results for models M1616 a
M1616-2 are approximately identical. This implies that wi
L*0.5l0, a convergent result may be achieved. On the ot
hand, with the smaller value ofL,0.5l0, the amplitude of
gravitational waves, the radiated energy, and the radiated
gular momentum are overestimated. The radiated energy
angular momentum for model M1616-3 are about twice
odels
(a) (b)

FIG. 21. ~a! Gravitational waveforms (R221) and accumulated energy and angular momentum of gravitational radiation for m
M1616 ~solid curves!, M1616-2~dashed curves!, M1616-3~long-dashed curves!, and M1616-4~dotted curves!. ~b! The same as Fig. 18~b!,
but for models M1616~solid and dotted curves! and M1616-3~dashed and dotted-dashed curves!. The solid and dashed curves denoteM /M0

andJ/J0, and the dotted and dotted-dashed curves 12DE/M0 and 12DJ/M0.
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large as those for M1616. As a result, the orbital separa
for M1616-3 decreases more rapidly than that for M16
Moreover, the radiation reaction is not accurately compu
for model M1616-3, so that the conservation of the angu
momentum (J1DJ5J0) is largely violated@see Fig. 21~b!#.
A number of numerical simulations for the binary merger
full general relativity have been recently performed withL
,0.5l0 @7,11,12#. Figure 21~b! warns that the gravitationa
waveforms and the merger process in such numerical si
lations are not very reliable.

Figure 22 is the same figure as that of Fig. 21~a! but for
models M1414~solid curves! and M1414-2~dashed curves!,
for which the outer boundaries are located atL50.510l0
and 0.252l0, respectively. Fort2r obs&Pt50, the amplitude
of gravitational waves, the radiated energy, and the radia
angular momentum are overestimated for the smaller va
of L. Since the angular momentum is dissipated more rap
from the system, the inspiral phase is shorter and the me
sets in earlier for model M1414-2. This results in a pha
difference between gravitational waves of M1414 a
M1414-2. However, fort2r obs*Pt50, the amplitude of
gravitational waves, the energy luminosity, and the angu
momentum flux are approximately in agreement betw
two results ~besides the slight disagreement in the wa
phase!. This figure shows that quasiperiodic waves emit
from oscillating hypermassive neutron stars is calculated
curately with our choice ofL, since its wavelength is shor
enough to compute these quantities even for the sma
value ofL.

V. SUMMARY

We performed fully general relativistic simulations for th
merger of binary neutron stars focusing particularly on
unequal-mass case. The following is a summary of the
entific results obtained in this paper.

If the total rest mass of the system is more than 1.7 tim

FIG. 22. Gravitational waveforms (R221) and accumulated en
ergy and angular momentum of gravitational radiation for mod
M1414 ~solid curves! and M1414-2~dashed curves!.
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of the maximum allowed rest mass of spherical neutron s
a black hole is formed for theG-law equation of state with
n51. The nondimensional angular momentum paramete
the formed Kerr black hole is likely to be in the range b
tween 0.8 and 0.9.

Disk mass around a black hole formed after the mer
increases with the decrease of rest-mass ratios for a fi
value of the total baryon rest mass of binary neutron star
is found that for the rest-mass ratio;0.85, the disk mass
may be several percents of the total mass of the system if
neutron stars are not very compact.

Disk mass around a black hole formed after the mer
decreases with the increase of the compactness of the sy
for a fixed value of the rest-mass ratio.

Shape of the hypermassive neutron stars formed after
merger depends on the rest-mass ratio of binaries. For
merger of equal-mass neutron stars, a hypermassive neu
star of a double core is formed. On the other hand, for
merger of unequal-mass neutron stars, an asymmetric do
core structure is the outcome.

In the hypermassive neutron stars formed after
merger, both nonaxisymmetric and quasiradial oscillatio
are excited. These oscillations induce gravitational radiat

For the case of hypermassive neutron star formation,
characteristic frequency of gravitational waves associa
with nonaxisymmetric oscillations is;3 f QE, which is'2.2
kHz assuming thatM0'2.8M ( . This value is slightly
higher than that found in the post-Newtonian simulati
@20#. This is likely due to the fact that the formed hyperma
sive neutron star is more compact in our simulation in wh
general relativistic effects are fully taken into account.

The frequency of the peak in the gravitational wave sp
trum associated with the nonaxisymmetric oscillation
higher for the mergers of the smaller rest-mass ratio wit
given total rest mass. This reflects the fact that the form
hypermassive neutron star is more compact for merger
the smaller rest-mass ratios.

The amplitude of quasiradial oscillations for hyperma
sive neutron stars is larger for the merger of equal-mass n
tron stars. This is reflected in the amplitude of gravitation
waves forR20 as well as the magnitude of the peak at;2 f QE

of R̂22.
The characteristic frequency of gravitational waves as

ciated with a quasiradial oscillation is; f QE. The oscillation
does not damp quickly. Thus if the cycle of gravitation
waves could be accumulated using a theoretical template
effective amplitude may be as large as that of the domin
quadrupole component.

The simulations were performed using a new implem
tation. As a result, the accuracy of the numerical results
significantly improved. In particular, we emphasize that t
gravitational radiation reaction is taken into account with
good accuracy in the new implementation. We now consi
that fundamental parts of the numerical implementation s
as those for Einstein’s evolution equation, general relativis
hydrodynamic equations, gauge conditions, and apparen
rizon finder are established well for simulating spacetimes
no black hole and for early growth of formed black holes

s
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However, there are still technical issues to be solved.
following is a list of them.

The black hole forming region does not have good re
lution in our current computation. Consequently, compu
tion crashed soon after formation of the apparent horiz
Obviously, it is necessary to improve the grid resoluti
around the black hole forming region for longer time sim
lations. Since we have to prepare a large computational
main withL which is at least half of the wavelength of grav
tational waves, using restricted computational speed
memory, it is desirable to develop numerical techniques s
as the mesh refinement techniques@44# to overcome this
problem.

Gravitational waveforms are incompletely computed
the case of black hole formation, since the computati
crash soon after the formation of the black holes. A straig
forward approach to compute such gravitational waves i
develop a black hole excision technique@42# by which we
might be able to continue the simulation for a long tim
duration even after formation of the black holes. An altern
tive approach is to extract gravitational waves from a
stricted spacetime data set using the so-called Lazarus
nique@43#. Developing either of two technologies is an iss
for the future.

Up until this time, we have performed simulations usi
G-law equations of state and neglecting microphysical
fects. To produce more physical and realistic outputs by
merical simulation, it is necessary to take into account
phisticated microphysics as done in Newtonian simulati
@46#.
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It is desirable to improve the implementation for provi
ing the initial conditions. In simulations performed to th
time, we have used quasiequilibrium states of a conform
flat three-metric as the initial conditions for simplicity. Th
conformal flatness approximation becomes a source of a
tain systematic error when attempting to obtain realistic q
siequilibrium states, since the nonconformal part of t
three-metric is in general nonzero@47#. As a result, this ap-
proximation introduces a systematic error on the initial co
ditions and subsequent merger simulation. Since the ma
tude of the ignored terms in the conformal flatne
approximation seems to be small, it is unlikely that this
fect significantly changes the results obtained in this pa
However, this conclusion is not entirely certain. To rule o
the possibility, it is necessary to perform simulations us
quasiequilibrium states of generic three geometries as in
conditions. A few formulations in which the conformal fla
ness is not assumed have been proposed recently@48#.
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